The rotational dynamics of particles subject to external illumination is found to produce light amplification and inelastic scattering at high rotation velocities. Light emission at frequencies shifted with respect to the incident light by twice the rotation frequency dominates over elastic scattering within a wide range of light and rotation frequencies. Remarkably, net amplification of the incident light is produced in this classical linear system via stimulated emission. Large optically-induced acceleration rates are predicted in vacuum accompanied by moderate heating of the particle, thus supporting the possibility of observing these effects under extreme rotation conditions.
I. INTRODUCTION
Despite its minuteness, the exchange of momentum by light-matter interaction is responsible for observable phenomena ranging from the formation of comet tails to the trapping [1, 2] and cooling [3] of small particles down to single atoms. In particular, the exchange of angular momentum produces mechanical torques. In a pioneering experiment, Beth showed that optical spin can induce rotation in birefringent plates illuminated by circularly polarized (CP) light [4] . This effect has been subsequently confirmed on the macro- [5] , micro- [6] , and nanoscales [7, 8] . Light can also carry orbital angular momentum, which has been widely used to produce vortex-like motion of microparticles [9] . Additionally, chiral particles undergo rotation even when illuminated by unpolarized plane waves [10, 11] (i.e., light without net angular momentum).
The interaction of light with rotating particles raises fundamental questions, such as the possibility of cooling the rotational degrees of freedom down to the quantum regime. On the opposite side, the material response of particles rotating at extreme velocities can be largely influenced by spinning forces, eventually leading to centrifugal explosion. Even the kinematical change between lab and rotating frames is known to produce frequency shifts in the light emitted by rotating particles [12] [13] [14] [15] . These effects may be occurring in cosmic dust irradiated by polarized light over enormous periods of time. Particle trapping in vacuum [16] may provide a suitable framework to study these phenomena.
In this Letter, we study the electromagnetic torque and scattering properties of rotating particles suject to external illumination. Like in rotational Raman scattering [17] , the particle produces inelastic scattering at frequencies separated from the incoming light by twice the * Corresponding author: J.G.deAbajo@csic.es FIG. 1: Sketch of a rod-like particle rotating with frequency Ω around a transversal direction (z axis). An incident light plane wave of frequency ω illuminates the rod along a direction normal to its axis, thus producing an electromagnetic torque M and scattered light of frequencies ω and ω ± 2Ω. For left circularly polarized (LCP) light, as considered in the figure, only the ω − 2Ω inelastic component is emitted.
rotation frequency. We report two remarkable observations at large rotation velocities: (i) inelastic scattering is stronger than elastic scattering; and (ii) net amplification of the incident light takes place via stimulated emission in this purely classical linear system. We base this conclusions on analytical expressions derived for the torque, the absorbed power, and the inelastic light scattering cross section, from which a complex resonant interplay between the light frequency and the particle rotation frequency is observed. Feasible experimental conditions for the observation of light amplification are discussed.
II. OSCILLATOR MODEL FOR A SPINNING PARTICLE
For simplicity, we consider a spinning rod, the optical response of which can be modeled with an effective spring consisting of a point particle of mass m and charge Q oscillating around a fixed charge −Q with natural frequency ω 0 and damping rate γ. The point-particle motion is constrained to the longitudinal direction of the rodρ, which is rotating with frequency Ω around a directionẑ perpendicular toρ (see Fig. 1 ), so that the instantaneous position of this charge can be written r(t) = ρ(t) (x cos Ωt +ŷ sin Ωt), where ρ(t) is the distance to the central charge. The force equation of motion is then given by (see Appendix)
where the terms on the right-hand side are (from left to right) the restoring force, the intrinsic friction, the external electric-field force, the Abraham-Lorentz force accounting for radiative damping proportional to τ = 2Q 2 /3mc 3 [18] , and the particle reaction force F react taken to cancel other azimuthal components in order to constrain the motion of the point charge along the rotatingρ axis. We assume the charge velocity to be small compared to the speed of light, so that the magnetic component of the force can be overlooked, although it could lead to a small precession. The transversal polarization of the rod is also considered to be negligible.
III. ELECTROMAGNETIC TORQUE
The resulting torque M is directed alongẑ and originates in the reaction force according to M = −F react ρ. For monochromatic incident light of frequency ω and electric field E = (E xx + E yŷ )e −iωt + c.c., we can solve Eq. (A1) analytically to find the time-averaged torque (see Appendix)
where ω ± = ω ± Ω, E ± = E x ± iE y , and
2 ). The γ terms in Eq. (A6) originate in photon absorption by the particle, whereas the τ terms describe a radiative reaction torque similar to what happens in rotating dipoles [19] . The torque predicted by Eq. (A6) presents resonant features signaled by the zeros of d ± . In small absorbing particles, for which the τ terms can be neglected compared to the γ absorption terms, this condition reduces to the ellipses
as is clear in Fig. 2(a) for left CP (LCP) incident light, corresponding to the lower sign in Eq. (3). The figure is actually representing the cross section towards mechanical work, given by σ mech = M Ω/I, where I = (c/2π)|E| 2 is the external light intensity and
For light oscillating at the same frequency as the rotation, the particle sees a frozen incident field, and the torque is therefore zero (it vanishes along the ω = Ω line). For slower rotation (ω > Ω) the torque is positive, pointing to a net transfer of momentum from the light field to the particle. In contrast, the torque and σ mech become negative for faster rotation even when the light and the particle rotate in the same direction (Ω > ω > 0). This suggests that the incident light is actually braking the particle by effectively producing stimulated photon emission with contributions proportional to the ohmic and radiative losses (terms in γ and τ , respectively).
IV. PARTIAL CROSS SECTIONS
The absorption and elastic-scattering cross sections admit the closed-form expressions (see Appendix)
Interestingly, the rotational motion produces inelastic scattering components at frequencies ω ± 2Ω [17] and responding to the cross sections (see Appendix)
The consistency of this model is corroborated by the fact that the sum of all partial cross sections (σ ω + σ ω+2Ω + σ ω−2Ω + σ mech + σ abs ) equals the total extinction cross section derived from the optical theorem (see Appendix). The partial cross sections are also resonant under the condition (3) (see Fig. 2 ). In particular, light absorption Two remarkable effects emerge at large rotation velocities (|Ω| > |ω|): (i) the inelastic emission (at frequency ω − Ω for LCP light) becomes a leading process; and (ii) like the mechanical cross section, the total extinction cross section can be negative (e.g., for Ω > ω > 0 and LCP light), thus confirming a net stimulated light emission, whereby mechanical motion is converted into photons (see below). 
V. CONNECTION TO ACTUAL PARTICLES
The model parameters Q 2 /m, ω 0 , and γ can be easily adjusted to fit the polarizability of a particle at rest (Ω = 0). Computing the induced dipole p = Qρρ from our model (see appendix), we find p = αE, where
is the polarizability. In the absence of internal friction (γ = 0), this expression satisfies the property Im{−α −1 } = 2ω 3 /3c 3 , as expected from the optical theorem for non-absorbing particles [20] . This polarizability has the same form as that of a sphere of radius R described by the Drude dielectric function = 1 − ω 2 p /ω(ω + iγ), which allows us to identify ω 0 = ω p / √ 3 and Q 2 /m = ω 2 0 R 3 . Incidentally, at low Ω and within the dipole approximation, we find
3 )Re{α α * ⊥ } from an analysis based upon the Maxwell stress tensor [18, 21] for the torque produced by LCP light on a rod under the conditions of Fig. 1 , where α and α ⊥ are the polarizabilities along directions parallel and perpendicular to the rod, respectively. This torque vanishes for nonabsorbing spheres in virtue of the optical theorem. In contrast, non-absorbing rods (α = α ⊥ ) experience a net torque because the term in ω 3 /c 3 cannot compensate the first one.
This indicates that the torque acting on small lossy spheres, in which absorption (the γ term) governs Im{−α −1 }, can be approximated with our formalism as twice the torque acting on a rod, but using the above identification of model parameters. Just to give a better idea of the order of magnitude of the mechanical and absorption cross sections for a Drude sphere, the units in the color scale of Fig. 2 
VI. STIMULATED EMISSION AND LIGHT AMPLIFICATION
We show in Fig. 3 the partial cross sections of rotating rods in the limits of high and low ohmic losses. The negative extinction represents an increase in the amplitude of the incident beam after interaction with the rotating particle. Incidentally, our recently reported rotational friction [22] can be understood as the spontaneous-emission counterpart of the stimulated emission under discussion. Stimulated emission takes place at ω < Ω by transferring mechanical energy from the particle to the incident beam (coherently added photons). This allows us to speculate with the possibility of constructing a laser (see Appendix) in which an incident CP light beam is exponentially building up as it encounters rotating particles along its path (the particles are externally driven, for example, by pumping CP light of higher frequency). This scheme is robust because it is insensitive to finite distributions of particle size and rotation velocity, as long as the latter exceeds the light frequency.
VII. PARTICLE HEATING
For constant incident light intensity, light absorption leads to heating of the particle until it reaches an equilibrium temperature T eq above the temperature of the surrounding vacuum T 0 . This equilibrium is established when the absorbed power σ abs I equals the radiative cooling rate P rad . In the Drude approximation for a metal sphere, and neglecting the effect of Ω, which only enters at large velocities, we have [22] P rad ∝ T 6 eq − T 6 0 , which leads to T 6 eq = T 6 0 + Cσ abs I. This is represented in Fig. 4(b) for a 10 nm carbon nanotube (upper solid curve) for which the polarizability has been obtained in the discrete-dipole approximation [? ] . There are two ) rods rotating with frequency Ω = 2ω0. The shaded areas for negative extinction (σext < 0) give the excess of photons added to the incident beam as a result of the interaction with the particle. We take γ = 0.1 ω0.
different regimes in the dependence of T eq on light intensity: at low I, the particle is nearly at the vacuum temperature, but when the intensity increases, the particle heats up, asymptotically approaching a I 1/6 power law. A similar behavior is observed for a gold nanoparticle [ Fig. 4(b) , lower solid curve], incorporating the effect of magnetic polarization and a realistic metal permittivity taken from optical data [22, 23] .
VIII. ROTATIONAL DYNAMICS
The time needed to accelerate a carbon nanotube and a gold nanoparticle to 1 MHz is represented in Fig. 4 , and it plunges well under 0.01 s for light intensities below the melting threshold. This suggests the possibility of achieving extreme rotation velocities in optically trapped nanoparticles, and eventually producing centrifugal explosion, thus introducing an unprecedented physical scenario (this should happen close to the point at which the centrifugal energy reaches the surface-tension energy, which in a 20-nm liquid gold particle occurs at Ω ∼ 3GHz).
IX. CONCLUDING REMARKS
The present self-consistent oscillator model permits capturing the optical response of particles rotating under extremely high velocities. This defines a new scenario plagued with exotic phenomena such as strong inelastic scattering, and most notably, the possibility of realizing a laser (see Appendix) running on a classical linear system by exploiting our prediction of light amplification stimulated by particles rotating faster than the light frequency. There are several avenues towards potentially practical implementations of these systems, such as, for example, (1) a diluted gas of linear molecules driven to THz rotational frequencies by CP light and acting as the active medium of a laser operating in that demanded frequency range; (2) an extension of these ideas to acoustic lasing based on a similar classical interaction with subwavelength particles rotating faster than the sound frequency; (3) microwave waveguide setups such as those used to monitor rotational frequency shifts [5] ; (4) dust clouds in cosmic environments exposed to polarized light, in which radio wave amplification might be taking place. 
where E is the external electric field, the dots indicate differentiation with respect to the time, r and m are the coordinate vector and the mass of the moving charge, respectively, ω 0 and γ are the natural frequency and the intrinsic damping rate of the oscillator,
gives the coupling to radiation via an Abraham-Lorentz force [18] , and
is the reaction of the nanoparticle that constraints the point charge to rotate with fixed frequency Ω around thê z axis. The point charge moves along the rod axisρ, which also rotates with frequecy Ω aroundẑ. The main elements of the model are graphically illustrated in Fig. 5 . The moving charge coordinate vector can thus be written as 
whereas the azimuthal equation is trivially satisfied by our choice of F react . We now write an external monochromatic electric field as E = (E xx + E yŷ )e −iωt + c.c., which permits us to obtain for the inhomogeneous solution of Eq. (A4) the expression
where
Notice that the natural oscillation frequency ω 0 is split into two shifted frequencies by the effect of a finite Ω.
Torque, absorption, and scattering cross section
The torque acting on the particle is directed alongẑ and produced by the reaction force of Eq. (A2) according to M = −F react ρ. Inserting Eqs. (A2) and (A5) into this expression and retaining only time-independent terms (i.e., the time-averaged contribution), we find
where ω ++ = ω + 2Ω and ω −− = ω − 2Ω. Equation (A6) here is the same as Eq. (2) of the main paper.
The light exerts a mechanical torque on the particle resulting in a power transfer given by P mech = M Ω. The particle is also capable of dissipating energy via light absorption by the material of which it is made. The total (mechanical plus absorption) work exerted by the external light on the particle per unit time has to include the effect of radiation damping, and it is therefore given by P = (QE + mτ ... r ) ·ṙ. Alternatively, we can write it as the power due to the dissipative force, P = (mγρρ) ·ṙ. Using either one of these expressions, the time-averaged absorption power is found to reduce to
It is reassuring to observe that our model predicts the absorption power to be proportional to the intrinsic friction rate γ. This result can be divided by the external light intensity I = (c/2π)|E| 2 to obtain the absorption cross section
It is interesting to analyze the dipole induced in the rotating particle. We can write it as
in the rest frame. This expression contains terms of frequencies ω, ω + 2Ω, and ω − 2Ω. The elastic cross section corresponds to the field re-radiated by the component of frequency ω,
as obtained from the time-averaged integral of the farfield Poynting vector (that is, the integral of the squared far-field amplitude) divided by the external field intensity I. Likewise, we can define inelastic cross sections corresponding to the emission of light with frequencies ω ± 2Ω,
The quantities σ ω±2Ω describe the effective area of the particles to inelastically scatter the incident light. These cross sections are the same as Eqs. (3)- (5) of the main paper. Numerical results are given there for left-handed circularly polarized incident light (|E + /E| 2 = 0 and |E − /E| 2 = 2) and also here in Fig. 6 for linearly polarized light (|E + /E| 2 = |E − /E| 2 = 1). For the particle at rest (Ω = 0), with the electric field and the rod both oriented alongx, the induced dipole of Eq. (A8) reduces to (Q 2 E/md)e −iωt + c.c.,
The polarizability of the static particle is then given by α = Q 2 /md. Interestingly, this expression yields Im{−1/α} = 2ω 3 /3c 3 + mγω/Q 2 , in agreement with the optical theorem [20] , which predicts Im{−1/α} = 2ω 3 /3c 3 for a non-absorbing particle (γ = 0).
The static polarizability permits establishing a connection between our simple oscillator model and actual physical parameters of real nanoparticles. For example, for a metallic ellipsoid of volume V described by a Drude dielectric function of bulk plasmon frequency ω p and damping rate γ, the electrostatic polarizability, corrected for radiative losses [24] , reduces to the above expression with
where L is the depolarization factor that depends on the rod aspect ratio [25] .
Balance of energy
The optical theorem allows us to use the ω component of the induced dipole p [Eq. (A8)] to obtain the total extinction cross section , and it is saturated at the limits specified in the legend.
where denotes the time average. Furthermore, the mechanical work on the rotational motion can be expressed as the cross section
which is directly obtained from Eq. (A6). Then, the total balance of power must be zero, and this leads to the condition
which is indeed satisfied by Eqs. (A7) and (A9)-(A12). Incidentally, σ ext can be negative, for example when Ω > ω > 0 and E + = 0 (left circularly polarized light), pointing to a net stimulated emission of light from the rotating particle.
Appendix B: Results for linearly polarized incident light
In Fig. 6 , we provide the equivalent of Fig. 2 of the main paper, but for linearly polarized incident light instead of circularly polarized light. The right and left circularly polarized components of the incident light produce inelastic emission at frequencies ω + 2Ω and ω − 2Ω, respectively, as shown in Fig. 6(d)-(e) . The torque and absorbed power are the superposition of the contributions originating from these two components. Interestingly, these terms add up in the absorption but they cancel each other in the torque at Ω = 0.
Appendix C: Lasing and electromagnetic amplication in systems of rotating particles It is clear from Eq. (A11) that the extinction cross section can take negative values when the light and the particle rotate in the same direction (e.g., for E + = 0 and Ω > 0), provided the particle rotates faster than the light frequency (Ω > ω). This is illustrated in Fig.  3 of the main paper, which shows that a negative cross section is possible due to either absorption or radiative processes, depending on the magnitude of γ relative to τ ω 2 0 . A negative extinction indicates that more light is leaving the system than it impinges on it. That is, light amplification takes place due to the interaction with the rotating particle, and the extra light is coherent with the incident one. These are necessary conditions for making a laser.
An electromagnetic amplifier could be constructed based on a medium filled with rotating particles. A light beam with the right characteristics would be amplified at every encounter with one of the particles. As a result, the beam could be exponentially amplified as it propagates along this medium. Particle rotation can be sustained by external means (e.g., either mechanically for radio waves or via optical pumping at higher frequencies), so that the system acts as a transducer that converts the externally supplied energy into coherent radiation.
In a more sophisticated arrangement, we envision an electromagnetic cavity containing such an amplifying medium, in which the radiation is making several passes before leaving the cavity (e.g., in a parallel mirror configuration). The seed in this system can be provided either by external illumination or by intrinsic spontaneous emission within the system, which has been recently studied in detail [26] .
This lasing and light amplification effects can be potentially achievable within various windows of the electromagnetic spectrum. For example, one can rely on mechanically or magnetically induced motion up to radio frequencies < 1 MHz. Light-driven rotation of nanoparticles levitated in vacuum could be used for higher frequencies in the GHz regime before the particles break apart. Molecular rotators could also be employed up to THz frequencies, in a process resembling the rotational Raman effect. These regimes can be accompanied by intrinsic resonance frequencies of the rotating bodies relying on LC circuits at low frequencies or physically equivalent excitations such as Mie resonances, plasmons, and optical phonons.
Finally, dust clouds in cosmic environments provide a plausible scenario for electromagnetic amplification because they are formed by microparticles that are exposed to the effect of neighboring light sources (e.g., stars and galaxies), which are circularly polarized in some cases. This illumination acts over enormous periods of time (millions of years), thus potentially inducing large rotation in the particles in the range of GHz before they are destroyed by centrifugal explosion. Therefore, amplification can be expected up to GHz frequencies, compatible with the low-end of the cosmic microwave background.
